A mixture of two species of pseudospin-1 2
I. INTRODUCTION
A current trend in condensed matter physics is the interplay between spin and orbital degrees of freedom. It is interesting to explore this topic in the realms of Bose-Einstein condensation (BEC), as physical effects on single-particle levels are often enhanced by Bose statistics. A possible avenue is spinor Bose gases [1] [2] [3] [4] . The perspective is more broadened if we consider a mixture of two distinct species of spinor Bose gases, where there are several coupling strengths for the collective spins of the two species, which depend upon the orbital wave functions. This situation leads to coupling between spin and orbital degrees of freedom. For simplicity, let us focus on a mixture of two species of pseudospin-1 2 Bose gases with both intraspecies and interspecies spin-exchange interactions [5] [6] [7] . Interspecies spin-exchange causes interspecies entanglement and the so-called entangled BoseEinstein condensation (EBEC) [8] , which is different from a mixture of two species of spinless atoms, where the two species are disentangled and individually undergoes BEC. EBEC amplifies quantum entanglement from individual particles to macroscopic condensates. This ground state bears some analogies with the lowest energy state of a single species of pseudospin-1 2 atoms in a double well [9] or occupying two orbital modes [4, 10, 11] , but there are also differences due to the fact that two atoms of distinct species are distinguishable and thus the numbers of atoms are respectively conserved.
It has been shown that the interspecies entanglement in the ground state is maximal at the isotropic parameter point of the effective Heisenberg coupling of the two collective spins, and that the larger the particle numbers of the two species, the steeper the entanglement peak [5] . In this brief report, after elucidating that the entangle- * Electronic address: yushi@fudan.edu.cn ment peak is indeed located at a quantum phase transition point, we study how the ground state of the collective spins affects the elementary excitations of the orbital wave functions in which EBEC occurs. Furthermore, we find that in the vicinity of this quantum phase transition, the energy gap of the gapped orbital elementary excitation is strikingly different from those of disentangled ground states. Away from the quantum phase transition point, the elementary excitations tend to approach those of a disentangled ground state.
II. THE MODEL
Consider a dilute gas of two distinct species of atoms. Each atom has an internal degree of freedom represented as a pseudospin-1 2 , with z-component basis states ↑ and ↓. For a single species of pseudospin-1 2 gas, it was argued that the conservation of a small total spin in the cooling process invalidates the single orbital mode approximation [10, 11] . In our system, in contrast, under the single orbital mode approximation, the total spin of the mixture can still be arbitrarily small due to the distinguishability of the two species. Therefore, there is no reason against the usual single orbital mode approximation, which works well in most of the BEC systems. Moreover, a field theoretical approach without using single orbital mode approximation confirms its validation [12] . Therefore, for each atom of species α(α = a, b) and pseudospin σ (σ =↑, ↓), we can safely assume that only the single-particle orbital ground state φ ασ (r) is occupied. Then the many-body Hamiltonian can be writ-
, where α σ denoted annihilation operator associated with φ ασ (r) of species α, N ασ = α † σ α σ is the corresponding number of atoms [5] . For each specie α, the total particle number N α = N α↑ + N α↓ is a constant. 
3 r is the single-particle energy.
For simplicity, we assume that the scattering lengths satisfy g
Moreover, we focus on the uniform case φ ασ = 1/ √ Ω, where Ω is the volume of the system. The total spin operator of species α is S α = α † σ s σσ ′ α σ ′ , where s σσ ′ is the single spin operator. In terms of S α , the Hamiltonian can be transformed into that of two coupled giant spins S a = N a /2 and
where
Without loss of generality, let S a ≥ S b . We focus on antiferromagnetic couplings g e > 0 and g s − g d > 0.
III. QUANTUM PHASE TRANSITION
There is a quantum phase transition at the parameter point g e = g s − g d . The ground states are qualitatively different in the limits of g e ≫ g s − g d and g e ≪ g s − g d .
In a mean field approximation, the ground state is disentangled between the two species, and can be written as |G MF = (e −iϕa/2 cos
S az S bz , where a constant is neglected,
For g e < g s − g d , E MF is minimal when θ a = 0 while θ b = π or θ a = π while θ b = 0, that is, the two spins are antiparallel and are along z axis.
For g e > g s − g d , E MF is minimal when θ a = θ b = π/2 while ϕ b = ϕ a + π, that is, the two spins are antiparallel and are on x − y plane.
One can also use the so-called fidelity susceptibility to analyze the QPT [14, 15] . For a Hamiltonian H(η) = H 0 + ηH 1 , where η is a driving parameter, the ground state fidelity is defined as F = | ψ 0 (η + δη)|ψ 0 (η) |. For a nondegenerate ground state, the fidelity susceptibility is 2 , where |ψ 0 (η) and |ψ n (η) are the ground and excited states of H(η), respectively. In our Hamiltonian, We calculate the fidelity susceptibility for the case of N a = N b , in which the ground state is non-degenerate. In Fig.1 , η max is the position where the fidelity susceptibility is maximal, η max ∼ 1 − 5.3349N
, the fidelity susceptibility becomes sharper in the vicinity of η max when the number of atoms increases, χ ∼ N 3.971 . The appearance of the peak implies profound change of the ground state at η max . In the thermodynamic limit, η max approaches the maximum 1, where QPT takes place.
The result of the fidelity susceptibility is very much consistent with the previous result of the entanglement entropy [5] . First, the maxima of both quantities are located at η = 1. Second, the trends in approaching of the maxima are also consistent. The larger the particle number N , the quicker both quantities approach the maxima. Third, both quantities display asymmetries between η > 1 and η < 1, with the approaches of both quantities to maxima being quicker on the side of η < 1.
IV. ELEMENTARY EXCITATIONS OF THE ORBITAL WAVE FUNCTIONS
Now we show how the spectra of the elementary excitations of the orbital wave functions vary with the manybody ground state. These single-particle wave functions are governed by the the generalized time-dependent Gross-Pitaevskii-like equations, which are determined by minimizing the energy, i.e. the expectation of the Hamiltonian under the many-body ground state, as a functional of the orbital wave functions [5] . Previous calculations have been focused on the many-body singlet ground state [7] , here we make a more general consideration.
From the Hamiltonian, we obtain the Gross-Pitaevskii equations
where β = α,σ = σ, O represents the expectation value of the operator O in the many-body ground state. The particle number operators whose expectation values appear in the Gross-Pitaevskii-like equations can be represented in terms of collective spins of the two species, because of the relations N ασ = N α /2 + η σ S αz , with η ↑ = 1 and η ↓ = −1, and α † σ ασβ † σ β σ = S ax S bx + S ay S by . Therefore,
In the special case of many-body singlet ground state, we have N a = N b = N and S az = S bz = S z = 0, leading the special form of Gross-Pitaevskii-like equation considered previously.
With these spin quantities as the coefficients, the Gross-Pitaevskii-like equations reflect coupling between spin and orbital degrees of freedom. As the ground state varies with the parameters, so are the expectation values of these spin quantities.
For simplicity, we focus on the uniform case in absence of external field U = 0, the lowest energy wave functions are thus φ 
For simplicity, in the following we focus on the ground states with N a = N b = N , total S z = 0, and thus S αz = 0, S
Hence (3) and (4) can be written as
, and we have set
It can be found that there are four energy spectra of elementary excitations,
where −'s are for ω 1 and ω 3 , respectively, +'s are for ω 2 and ω 4 , respectively,
If g e = 0, the Hamiltonian would have four U (1) symmetries which result in four gapless energy spectra. Now that g e = 0, there are only three U (1) symmetries, three energy spectra are gapless, and the fourth energy spectra opens a gap [7] . Indeed, when q = 0 and g e = 0, ω 1,2,3 = 0, ω 4 = 0.
We now study the behavior of the energy gap ∆ of the forth elementary excitation spectrum as a function of g e and g s − g d . It is easy to write down
Obviously ∆ = 0 only if g e = 0. Hence interspecies spin exchange is necessary for opening a gap in an orbital excitation.
We have numerical calculated λ z and λ ⊥ for various values of g e and g s − g d , and then obtained ∆ by using (9) . It is found that when N → ∞,
It can be seen that the numerical result at g e = g s − g d is the same as the exact result. λ ⊥ → 0 implies that the effect of spin exchange diminishes, consequently ω 3 → ω 1 , ω 4 → ω 2 , the excitations become two doubly degenerate ones. Note that this is under the condition that each scattering strength is symmetric for the two pseudospin states of each species.
As shown in Fig. 2 , the larger the numbers of atoms of the two species, the closer is the gap to that under the disentangled ansatz, except in the vicinity the critical point, where the gap varies rapidly with g e /(g s − g d ).
At critical point, as the atom numbers increase, the gap quickly saturates to a non-zero value.
Under a disentangled mean-field ground state, one has λ z = 1 and λ ⊥ = 0 for g e < g s − g d , and λ z = 0 and λ ⊥ = 1 for g e > g s − g d . Therefore, far away from the critical point g e = g s − g d , λ z and λ ⊥ , and thus the actual elementary excitations, are close to those under the disentangled mean-field states. But the disentangled ansatz clearly fails in the vicinity of the critical point g e = g s − g d , as it tells that λ z and λ ⊥ are arbitrary non-negative values satisfying λ + λ ⊥ = 1.
V. SUMMARY
A mixture of two pseudospin-1 2 Bose gases with interspecies spin exchange displays interesting interplay between spin and orbital degrees of freedom. The manybody Hamiltonian is simplified to an anisotropic Heisenberg coupling between the two collective spins of the two species, hence the particle numbers and correlations and fluctuations are equivalent to the corresponding quantities of the collective spins. These quantities enter the general Gross-Pitaevskii-like equations governing the four orbital wave functions, in which BEC occurs. Consequently, the elementary excitations of the orbital wave functions depend on the nature of collective spins in the many-body ground state, and thus serve as probes of entanglement and quantum phase transitions in the latter. Especially, we have shown that the gap of one of the excitations peaks at the antiferromagnetic isotropic parameter point of the effective Heisenberg coupling, which is critical point of quantum phase transition, where the interspecies entanglement and fidelity susceptibility also peak. These properties should be carried over to a spin-1 mixture [16] .
